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b. Sachdev-Ye-Kitaev model and deformation (Dated: June 16, 2020)

We study the physics of many body localization in the Majorana Sachdev-Ye-Kitaev (SYK) model
2 Ana Iytlcal p red Ictlo ns perturbed by a one-body Hamiltonian. Specifically, we consider the statistics of many body wave
* functions and spectra as the strength of the one-body term is ramped up from an ergodic phase via a
regime of non-ergodic yet extended states into a (Fock space) Anderson localized phase. Our results
1 are obtained from an effective low energy theory, derived from the microscopic model by matrix

3. Numerical results . A _ £y theory m the microscopic model by
integral techniques standard in the theory of disordered electronic systems. Applicable to systems
of arbitrarily large particle number, the analytical results produced by this formalism are compared
4 S u m m a r to exact diagonalization for systems containing up to 30 Majorana fermions. The statistics of many

. bodv o . o . L . o

ody spectra and wave functions, and the indications of the localization transition are in quantitative
agreement with numerics. We believe that this is the first many body system where a localization

transition is observed in parameter free agreement with first principle analytical calculations.
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Localization phenomena in guantum systems:

what is Fock space localization?

single particle wave functions:
Analytical techniques, good
\agreements with numerics

’Anderson localization of (uncorrelate@

J

h higher dimensions with correlation:

Few analytical results, numerics

(I\/Ianv-bodv localization (MBL) in 1D & )

\exponentially hard, many open issues )

(Fock space localization

\-

|¥) = P @2)3) - [En)

e Spatially confined quantum systems (e.g. quantum dots)

 Many-body eigenstates localizing in the Fock space
[Altshuler-Gefen-Kamenev-Levitov PRL 1997, Silvestrov PRL 1997, PRB 1998, ...]

ergodic, Nonergodic, extended nonergodic,
uniform states ItiEE) sifsices localized states Saram

~
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The Sachdev-Ye-Kitaev model

N Majorana- or Dirac- fermions with all-to-all random couplings

~

~ V3! _ 1 N
H = N3/ z JabcaXaXvXcXa H = —(ZN)g/Z zjij;klci Cj CrCi
= = . , ij;kl

psashesast [Kitaev’s talks]

[S. Sachdev: PRX 5, 041025 (2015)]
“Two-body random ensemble”

ﬂ/lajorana version] [Dirac version]

Jabca independently chosen from
Gaussian random ensemble
since 1970s

K [A. Kitaev: talks at KITP (2015)] J
¢f. S. Sachdev and J. Ye, PRL 70, 3339 (1993)

/Solvable in the large-N limit h

(after sample average (- )¢3)

Candidate of quantum system holographically corresponding to black holes (experimental study of quantum gravity)

Blsomzns

Sachdev-Ye-KitaeviZRE!, 7S wvIk—)L, SFHTHR

BRI ENOEFROEIHRES
LTREFFRSNBAITVS. REOSE
BERRDDSWHEEERER—T 27
DOMROERZD, BEDE LTHEY
YEPORCENFEORFODRHIN
TEl BT 02 35TYRER B
FAERERCEYEROENGBIRLES
DT> TS

BREREIERRNCESERLICOE
W EWSDIFREOMBEL, BHES
FHVBHHEDETHOES .
HBLIRD—BRLEFEFEROER
EF2TVBDTHENDEVSHOTS
Tr—RBEVWSEIRCTNEFES
THRENTLS. NGNS D& ERSN
TV SDIFEAFEMIRYT —VER LN
H—RERIEROBSIEN. BE SYK
B WS PR TD SHTECERDE
NERDIEL EOHIEDREEE SR
TWBTEBDD o TER.

SYK#EZ, NMEDOT TIL=AVHHER
FRICS VY LICHEEERULTLSRET
$B. TLF1V0ERTDBICTFTT
(Sachdev) £Bt (Ye) IR LR BB G
BHOBEWEOERICBERULTHET T
SHEREERIRT SIcHCRELISY
BEEVSDDHB o, SYRER(S
TNZEEBELTHY I 7 (Kiaev) B
WS FICRELCBETHS. ¥F77
(5 &b EPERRDBAEWV S TED

BEDFRNS  Sachder Ve Kiter B8, 77 v 0% -1,

S5INOT 57« —FREBICRKZR > TLE
FOEH, BhhD, SYREEFEOTE
FEHRREERT D ELVS aBIER
Liasiz. 2015 €L+ T I SYKRE
D HZFADHR] ZERRT D EERL,
BTEHO@RRN SOFRICKB R
RETIF, SYKEEEHWGT BEAE
RO FIEDD > TLVELHDD. B
FEAPEFATAOHROEWA L UTHE
BRICHARIN, Fie. BETIHRED
SCREINTND. HFESS. HKHEFH
DAEAFERANT SYKEREERT 5
TEERR UL, COHETIE. BVAHR
FO1YA MTEHO T 1)V FFERE
L. ARELU—U—(C&LD, EED2%E(]
DORTFRE~DEBEUEETD. B
ENEAFORID 2 EMUDRF B P
ICKERI T BHRT. HTFOREEHEE
EATRILICAD, MEHEEERDS
I LEERRTEDEVDERTHD
SYK 2 PR — VEROL ST
EFENEROERELDEEHINTLD
EREERNCERI S LN TERLET
BE BEFENROBCEHE EXE
TS v I M ILDERACERT S EERE
[CHNRD CENTEDLMFEND. ED
FOFEKT, PHERORADTHEERD
BMRY. EFENORRICEMTEDT
BEMEDHEDDDHS

RS

See e.g. [J. Polchinski and V. Rosenhaus, JHEP 1604 (2016)00ﬂ
. . . [J. Maldacena and D. Stanford, PRD 94, 106002 (2016)]
2 Maximally chaotic (A = 2mtkgT/h) | v, #gna, o BEnEERE 756), 560 2018)

3
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SYK;>4 + SYK, : breakdown of chaos

N SYK, N
H = 2 JavcaXaXpXcXa +1
1sa<b<c<d 1=a<b
0.6 F———="
0.55

Averaged ratio

between
- - = 05
neighboring <
energy level
separations
0.45 -

p=02
Wigner-Dyson
N =34

N=230

N =26

N=22
Poisson

——
——

——A

_ 0.4
Poisson > ;

(uncorrelated)

Kaiais Kgp: standard deviation = /W

mm Gus

(Gaussian Unitary Ensemble)

A. M. Garcia-Garcia, B. Loureiro,
A. Romero-Bermudez, and MT,
PRL 120, 241603 (2018)

(cf. T. Nosaka, D. Rosa, and J. Yoon,
JHEP(09(2018)041 for GOE, GSE;

Yu Yi-Xiang, Fadi Sun, Jinwu Ye, W.M. Liu,
arXiv:1809.07577 for odd N cases)

We consider N
Majorana fermions
with normalization

Wa Kb} = Bqp here

Deviation from Gaussian random matrix as SYK, component is introduced
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Our model and choice of basis
SYK, + 8 SYK,,

2N 2N
H = — z ],abcdlpalpblpclpd + 1 Z Kabl/)alpb
1<a<b<c<d 1<a<b

Block-diagonalize the SYK, part
(the skew-symmetric matrix (K,;) has eigenvalues +v;)

2N N
H=— z ]abchaXchXd + 1 Z ViX2j-1X2j
1<a<b<c<d 1<j<N

Normalization of /,pca, Vj i | We choose {{)y, P} = {0, £} = 2845 as the
SYK, bandwidth =1, normalization for the 2N Majorana fermions.

Width of v; distribution = § |Foréi = (ij—1 + Iij) we have {Ci; C}L} = 0yj.
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Our model and choice of basis

N = 7:27 = 128 states Basis diagonalizing the complex fermion number operators

=T ron o= T = 6;6]- - Sites: the 2V vertices of an N-dim. hypercube.

...................................

e S ; o A 1 A . A
e § g Cj = E(ij_l + 1)(2]-)

[ i B L —i-"
.......

v [ T H=- E JabcaXaXpXcXa T 1 E ViX2j-1X2j
BE- Nl 72 /2 1sa<b<c<d 1<jsN

2N

N
== ) JavcakakoReRa+ ) (28— 1)
1<a<b<c<d 1<j<N
Each term of SYK, connects vertices with distance =0, 2, 4.

For N = 7, each vertex is directly connected with
1 (distance=0, itself) + 21 (distance=2) + 35 (distance=4)
vertices out of the possible 2V = 128 (64 per parity). 5
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Our model and choice of basis

2N Fock states

Basis diagonalizing the complex fermion number operators

n; = 6;6]- - Sites: the 2V vertices of an N-dim. hypercube.

SYK, + & SYK,

2N N
,4,7 > _ H=- z JavcaXaXvXcXa + Z Yj (Zﬁf - 1)
L O(N®) neichb 1<a<b<c<d 152N
W ((]/7775 4 a2

Each term of SYK, connects vertices with distance =0, 2, 4.

For N = 17, each vertex is directly connected with
1 (distance=0, itself) + 136 (distance=2) + 2380 (distance=4)
vertices out of the possible 2¥ = 131072 (65536 per parity).
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Four regimes of disorder strengths arXiv:2005.12309

* Typical energy difference between
arbitrary pair of sites < 1

m > E

| | »

N
A=H+H, = ) v(2n,-1)
1<j<N
width of v; dist. = §
Site energy of site #m:N

E —1

€ i— = —1D)"N ™,

On=2ﬁg5N211nﬂ (=1) J
1<j=N

Width of €,,, dist. = VN§

* Typical energy difference > 1, but difference
between sites connected by H, <1

2N
Hy = — z ]abcd)’(\a)zb)’(\c)gd

1<a<b<c<d

SYK, bandwidth =1
_=££ij;:;;;i1:>==———F4+————=££:j;:;;;i1:>==—L4#——=41131:;11i1:>=___+,E ,g”7ff:i£i;fi3

10 Fock space localization (6. ~ N4 log N for Bethe lattice)
o)

« Difference between sites connected by H, > 1

[Altshuler, Gefen, Kamenev, and Levitov, PRL 78, 2803 (1997)]
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Diagnostic quantities: Moments of wave functions
and spectral two-point correlation function

* Moments of eigenstate wave functions

lp=v" ) (pmIs(Ey)),
ny

with average density of states at band center
v=v(E = 0),v(E) = ) (8(E - By)),

m

=» Parametrizes localization, allows
comparison with numerics

L = v Ty (W16 (Ey))

inverse participation ratio (IPR), I

e Spectral two-point correlation function

K@ =v2 (v(2)v(- %»/\/\
c: connected part P .

(AB>C=<AB>]_<A>] <B>] -2 0

2

SIRS

=>» Reflects level repulsion if the spectrum is
random matrix-like

Equal weights [ | Single non-
D: dimension of {|n)} = 2N~1 zero element

Iq We calculate these quantities for large N
and compare against numerical results



Method: Exact matrix integral representation of I, and K (w);

mapping to a supersymmetric sigma model;

saddle point equations; effective medium approximation

ergodic

>0

, spread of wave functions D, =~

8plL2-5 .
Analytical results
 |: Average density of states (ADoS) at band center v = ¢D
~1/2 cD
 |I: ADoS v = m

i
|
e

'I _ques

cD
lll: ADoS v = = 7Ns"
¢ I _q'Dres _CI(ZC[—B)”

D R T —

\/_6

weakly non-ergodic

AMM—NS

= —log N for large N

* |V: All eigenstates localized to O(1) sites

, spread of wave functions Do = \/_DSZ
aNs2)\ 171
( ) strongly non-ergodic
T

arXiv:2005.12809
(c = 0(1),D = 2N-1)

ﬁigenenergv spectrzh

statistics (for odd N case
K(s)=1-

for simplicity)
+ 5( )
T
Ss=nwvinl, ll, III :

agrees with Gaussian
Unitary Ensemble (GUE)

sm S

IV: Poisson statistics

v

8

\_
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Inverse participation ratio vs prediction for Il|

IPR I, = average of }.,,|{y|n)|* for normalized ), % <, <1

Equal weights

Single non-zero element

| i i I | | | |
0°EN =11 fe= =" EN=13 [ 3
101k — | =
< 102f - 3
EEEEEEE% . ] ]
107 F 3 3
i J/ IV // ] i
1074 ! | = | =
101 101 103 103

o) o)

_q(2q-3)!" ( wD 1-q _ 4+/N 52 a-1
I =22 (%) =q2q—3)! (ZN_ln) in II

I i | i |
- N = 15 f——
=] jm CANE
A/ L E
101 10! 103

)

Central 1/7 of the energy spectrum
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Analytical prediction:

Moments of eigenvectors [,

q

q(2q-3)"" ( D 1-q
— G (%) =aca-(

N=15

o0=1,1, —+—

Analyticacf
0=3,1
Analyticacf

g

Good agreement up to large g for§ ~ 1

4+/N &2

2N-1p

q—1
) in I

Central 1/7 of the energy spectrum

10
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Spectral statistics: gap ratio distribution

Measure difference by Kullback-Leibler (KL)
divergence: Dy (P||1Q) = X, P(x) log%.
5 | D0 PG Dlroren) | DaPG D)
= 3 0.3608 5 x 1076
14 0.1234 0.1463
40 0.0096 0.5705
0 | lN B |15 | | | | | | . min(Ejy 1 — E;, Ejyz — Ejyq)
0O 01 02 03 04 05 06 07 08 09 1 max(Ej+1 — Ei, Ejyz — Ei41)
r
(8, = =W (2Z+y/7) = 38.47)

NeT 11
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Departure from random matrix P(r) occurs

after I, has grown significantly

1OO§ —TTTT T .}.éﬂ%wﬁ——.uuuug
10" |
Q -
S 107 F
>
2 100 E
© -
| i
!n 10_4 E_
~N E
10°° = | Iy ——— .
: _ Poisson ——x—
- N = 15 GUE
10—6 A EEET1 L Ll Ll Lo
1072 107" 10 ¢ 10" 102 10°

12
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Masaki Tezuka, and Alexander Altland,
Summary arXiv:2005.12809

Fock space localization in | Sachdev-Ye-Kitaev model
many-body quantum systems SIS as tractable system

: : : Numerical calculation of inverse
Analytical estimate of inverse S :
participation ratio, energy spectrum

participation ratio, spectral statistics 5 correlation

Four regimes (I: ergodic, II: localization starts, Prediction for momenta of eigenstate

ll: localization rapidly progresses, |V: MBL) wavefunctions I, is verified by parameter free
found in SYK, + & SYK, system comparison, and energy spectrum statistics is
(in SYK,-diagonal basis); consistent with GUE/Poisson transition well

|, I, Il are chaotic while IV is not after entering regime Il



