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Subir Sachdev ~ MBE. Anekceit Kutaes

Introduction: the SYK model

_VE s sl
A= > Juscatadoieda R = O
N3/2 Gaussian random
1<a<b<c<dsN 2 2
(]abcd) =J°=1
Analytically solvable in N > 1 limit, and in the T=0 limit,

e Satisfies the “chaos bound” [kitaev's talks at KITP; 5. Sachdev, PRX 5, 041025 (2015); ...]

o ” o H ” M 2 k T
e “chaos bound”: Under “physically reasonable” assumption, 4; < nhB
[J. Maldacena, S. H. Shenker, and D. Stanford, JHEP 1608, 106 (2016)]
Lyapunov exponent A; : Defined using out-of-time ordered correlator (OTOC)
[N. Wiener 1938][Larkin & Ovchinnikov 1969]
, (9x(®)\’ = (W@OVOW@)V(0)) + -
~ {X(t), p(o)}PB = 6x(0) - eZ/lLt

* Corresponding system with gravity?: Not conclusive so far
* Models of 1+1D gravity: Jackiw-Teitelboim model, CGHS model, etc.



Holographic connection to black hole (BH) physics

[Sachdev PRL 2010, PRX 2015; Maldacena-Stanford, Hosur-Qi-Roberts-Yoshida; Polchinski-Rosenhaus

1
fel
H = (ZI\T)WE Z Jijike € CiehC,
i,7,k, =1
f_ﬂ““x e .y =
o ;‘4__ i
Jda?_lj“ _ B/y J4’ﬁ'15
~ °10
K'E B .’5—/____
' A\ T .
'{;_“ 'X,\\'*., gx jE 9,12,14 fz,./
o2 E , ~ou 7
1 f
0= § 2 (de)
_—1)2
(ol T , T >0
- <Li(‘ )L’?{m> - { e 2mE |7|71/2 + <.

Known “‘equation of state”
determines &£ as a function of @

Microscopic zero temperature
entropy density S obeys

e 2nE

Einstein-Maxwell theory
+ cosmolmgiW
A

Horizon area Ap; ]:}n:m}nd:-xr}r
AdS, x R area /b
2 _ (02 2y /¢2 | g2 charge
ds® = (d¢” —dt%) /¢ K fh‘ density Q
Gauge field: A = (£/()dt
(=00
L = YT Do) + man
e >0
(pmpoy ~ 4 Tt TS
\_.( )( ),f E—?f.-.-E |T|_lf2,’r*~’:{}.

“Eqguation of state” relating &

and @ depends upon the geometry
of spacetime far from the AdS,

Black hole thermodynamics
(classical general relativity) yields
oS
BH _ g ¢
0Q

5 - ,

.

[S. Sachdev,
Phys. Rev. X 5, 041025

(2015)]



. [J. Polchinski and V. Rosenhaus, JHEP 1604 (2016) 001]
Feyn m a n d Ia g ra m S [J. Maldacena and D. Stanford, PRD 94, 106002 (2016)]
NG T A
A== z JapeaRadofeta @R} = O
1<a<b<c<dsN (]Cled)Z =J? =

Sample average (-** )¢}

# 8 ME R
- omow " .
P "ra,,
- ® L

j m m m m
Ji jklw Jikim Ji ukv """ vjﬂdl'

]]kl’m mjrkrir

N3
Z(jijkl]jklm>{]} =3 —7 Oim z Z Uijkl]jklm/mj,km]j'k'z'i,>{]} o< N*8y;

jkl m=*i jklj k'l
‘ O(N?) contribution ‘ O(N~?) contribution

Large-N: “Melon diagrams” dominate



[J. Polchinski and V. Rosenhaus, JHEP 1604 (2016) 001]
[J. Maldacena and D. Stanford, PRD 94, 106002 (2016)]

O(N®) terms

G(l - ZGo) — GO

T GTh=Gy -2

_ — — . -_ . . —_—
N\ v G(iw) " =— >(iw) X =J%G?

Low energy (w, T < J):ignore iw and we have

N : ?.‘,:_"_‘_:;.\_‘? I/_\g . /\ ;/ — \f L
A, N dtG(ty, )X(t, ty) = —6(ty, ty)
Go2Go2Go
2 3 _
o m 2 [ deG(e, 066, 6)* = =860, )
1 /} i r; + {‘\ (“\ +--- = Gosam

1 \"* sgn(t)
== <4n/2> Vi

(:OZC?OZC;UEGO G



Holography: how we use it

d-dimensional spacetime (d+1)-dimensional spacetime
i;ljiﬁ(:tcslrgrrne(wifcgng- €& Supergravity in (4+1)d
> =Sty ) CFT4/ AdS5 anti-de Sitter space( X S°)
gravity) in (3+1)-dim (Maldacena)

Theory with
gravity
(classical limit)

Strongly correlated
system

Theory without gravit

Strongly correlated,
experiment possible

Theory with gravity
(significant quantum

effects)

© Not limited to classical limit

=>» Several supporting evidences
e.g. check of the leading gravity
correction for the black hole mass

[M. Hanada, Y. Hyakutake, G. ishiki, and
J. Nishimura, Science 344, 882 (2013)]

Many “AdS/CMT” applications

This work:

approach quantum gravity by
realizing corresponding
non-gravity models in cold
gases



A. Kitaev, KITP talks (2015);
S. Sachdev, PRX (2015)

o2

(complex fermion) Sachdev-Ye-Kitaev model

is @ model of Q spin-polarized fermions on N sites:

ol

N
A 1 J156.11 e
H=_—_—— § il élene 20
2N )3/2 PR TR
(2N)>2 44,

J8.9.12,14

where J;;.11 is a complex random coupling constant o

that satisfies ® 15

Jijit = —Jjiskt = —Jiguks Jijim = Jipi5> Re Jij = Im Jij = 0, and

J?/2 ({i, g} #{k,1}) —— 72 ({i, 5} #{k.1})
2 .. ’ (Im J’Lj;kl) — L. .

J ({z, 5} = {k,1}) 0 ({z, 5} = {k,1})

Different from other approaches
K to (classical) gravity in cold gases \

(Re Jijik1)? = {

* No supersymmetry (bosons < fermions) needed

* Not relativistic, no antiparticles
o Spinless fermions can be used Hawking radiation in sonic analogue of BEC

[J. Steinhauer, Nature Phys. 10, 864 (2014); 12, 959 (2016)]
> Experimental realization?

cf. theory [W.G. Unruh, PRL 46, 1351 (1981)]

Sakharov Oscillations in quenched BEC
k[c.-L. Hung, V. Gurarie, and C. Chin, Science 341, 1213 (2013)] j

Creating the SY state of the SYK model in experiment:
equivalent to creating the dual quantum black hole!



Experiment proposal for SYK

Here we take the complex fermion version: .

N
2.

1

H =
(2N)3/2

1,J,k,1=1

At At

733kl C; C5CECL,

Photoassociation / dissociation

2 atoms

1 molecule

B. Butscher et al., NP (2010)

2)
Ey i~

@)
By
)
23
)
Elﬁ_"‘
)
Ey3

Sum of the energies
of two atoms

@)
Ey,

(a)

Atomic site
Eg4

Ea,B

EaZ

—

Eal

—

PA lasers

Molecular site

m,2,

s

Hp,

s=1

A

F 9s,i59s,kl
Hop = ) 22
Vs

S7Ii’7j1k7l

arXiv:1606.02454

[l. Danshita, M. Hanada, and MT, PTEP 2017]

E ysmlms + E 9s,ij (mlcz‘cj

(2]

Trace out molecular d.o.f.:

Optical lattice of non-degenerate sites

molecular

/i

V)

mgeleh)

OTOC measurement protocol
F(t) = (WIHVT(0)W ()V(0))

“Interferometric protocol”
(Swingle et al., PRA 2016)

|¢>$ |1>C V _Wt \ Measure
Experiment time §R(F) — <XC>
9)s 0>c/_\—Wt— VI—3(F) = (ve)

W (H)V(0)[)s|1)e + V(0)W () ]2)s|0)c
SYK model (S) /

site Qubit atom potential




Other proposals (after our arXiv:1606.02454)

Review: M. Franz and M. Rozali, “Mimicking black hole event horizons in atomic and
solid-state systems” arXiv:1808.00541 to appear in Nature Materials

arXiv:1607.08560
e 0 (e
@ _ _ U@
AP P
D - Q-—u

L. Garcia-Alvarez, I. L. Egusquiza,
L. Lamata, A. del Campo, J.
Sonner, and E. Solano,

“Digital Quantum Simulation of
Minimal AdS/CFT”, PRL 119,
040501 (2017)

arXiv:1702.04426

D. I. Pikulin and M. Franz,
“Black Hole on a Chip: Proposal
for a Physical Realization of the
Sachdev-Ye-Kitaev model in a
Solid-State System”,

PRX 7, 031006 (2017)

arXiv:1703.06890

B 2D disordered

quantum dot Majorana wire array

-
.

(b) . (0)
Dot -
levels

de

Y €
J 1 " Majorana
zero modes

Majorana
zero modes

I

Aaron Chew, Andrew Essin, and
Jason Alicea,

“Approximating the Sachdev-Ye-
Kitaev model with Majorana
wires”, PRB 96, 121119(R) (2017)

e P ——lfl

arXiv:1802.00802

SYK holographic
boundary

-~ ~ AdS; bulk
./e\,.ent horizon

-

Anffany Chen, R. llan, F. de Juan, D.I.
Pikulin, M. Franz,

“Quantum holography in a graphene
flake with an irregular boundary”,
PRL 121, 036403 (2018)
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[Cotler, Gur-Ari, Hanada, Polchinski, Saad,
" ] )) Shenker, Stanford, Streicher, and MT,
Black Holes and Random Matrices JHEP 1705, 118 (2017) (arXiv:1611.04650)]

Collaborators

Jordan Saul Cotler, Guy Gur-Ari, Masanori Hanada, Joseph Polchinski,

Phil Saad, Stephen H. Shenker, Douglas Stanford, Alexandre Streicher

Videos (on “videosfromlIAS”)
Natifest — 17 September 2016 “Black Holes and Random Matrices” by Stephan Shenker
https://youtu.be/3gEoMBZLf10

26 October 2016 “The Sachdev-Ye-Kitaev quantum mechanics model, black holes, and
random matrices” by Douglas Stanford

https://youtu.be/hK2S-pyAfOc

Here we present our numerical results for finite N, focusing on the spectral statistics



Information loss problem of black holes
TZ/.\;”
Z
Assume gauge / gravity correspondence

Study the real-time dynamics of the gauge theory side

Finite size: What to learn from the discrete energy spectrum?



B = (kgT)™!

Spectral form factor

Consider some real-time correlator: Spectral form factor g(f3, t)

(0(£)0(0)) = tr (777 0(£)0(0)) /tre=" S e BlEntE Gi(En—Ent — Z(8 1 it)Z(8 — it) = Z(£)Z*(t)

—BEm LT En—ENY —BEn ™o
= e PEn|(m|O|n) %’ /> e’
m,n n Z: analytically continued partition function

. ) "
(0()0(0)) Chaotic, non-degenerate spectrum gB.t)

Long-time average will be §,,,,,.
Initial decay:
exponential Maldacena
Oscillates after long time; .t

Exponentially small but
no longer decaying

(The initial behavior may differ from correlators)
Papadodimas-Raju; RMT literature

. Z(B)?att=0 > Z(2B) at latetime

(Larger value than naively estimated from
the correspondence between Super Yang-Mills
and superstring theories)

Expected to approach zero in
classical gravity;
Should reflect features of
quantum gravity



SYK, not too large N: Numerically diagonalize the Hamiltonian for energy spectrum
V3!

H= N3/ z JabcaXaXpXcXd Jabca : Gaussian and variance g2 = J?
1<a<b<c<dsN
20 RN | | | | LR L
I SYK
N=10 ——
N=12 Majorana <S>/N
- N =14 ———— - . ” & — N=18
15 - N=16 —— - os35¢ o N=20
i N=18 " — N=22
N =20 0.30/ 1 _ wx
=22 —— 1 — N=26
@ _54 | 0.25 N
10 | =26 —— - 0.20} !
= i 28 —
2 B \ . 0 s 0.15 N=32
i < — 0.10 . . . ) - Extrapolation to N=co
I WNE84 —— 0.0 _ 0.4 0.6 0.8 10 Saddle point
ST \\ ) B T
: Small N: clear repulsionﬁ | Large N limit: the entropy
' between levels \ remains finite at low T limit
0 .’f ; 1 . e v oo v T 5 9 e d & 6 v 4 1 3

-0.06 -0.04 -0.02 0 002 004 006 0.08

e/(NJ)



Gaussian random matrices

4 = a Real (B=1): Gaussian Orthogonal Ensemble (GOE)
-\ Ve Complex (B=2): G. Unitary E. (GUE)
Quaternion (B=4): G. Symplectic E. (GSE)

BK 2
: —22TrH? BK «K 2
Density X e 4 = exp (_TZi,jlaij| )

[F. J. Dyson, J. Math. Phys. 3, 1199 (1962)]

Level repulsion ]

Eigenvalue distribution

K
B _ 2
p(el, €r, ...,eK) X 1_[ |ei —_ e]| 1_[9 BKe;”/4
=1 1.2 GOE ——

/ 1<i<j<K " ]
GUE ———
GSE ——

P(s) : level separation distribution '
Uncorrelated: Poisson (e ™) z .l

GOE/GUE/GSE: o sB at small's, e=S" tail .}

02 F

_ min(e;41 — e, er2—ei+1)  (r):mean neighboring gap ratio TR — -

08 F

0 0.5 1 1.5 2 2.5 3
T =

max(ej41 — €, €j12 — €i41) Uncorrelated: Poisson (2log2 — 1 = 0.386) ’
GOE/GUE/GSE: larger (e.g. 0.599 for GUE [V. Y. Atas et al. PRL 2013])



wz@.om, L0y

Spectral form factor 9@®.0 =

2
z(p)), o)
100 3 AR LR LAY | LN | LR ror T IR
: SYK, N, = 34, 90 samples, =5, g(t)
107 F E
2 ]

10 slope
~ ] 10° g GUE, L = 4096, 1200 samples, =5, g(t) —— -
S 403 : :

10° k

plateau o L

10 £ 10° F

< L
3| _

10° k . 10

dlp
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Time tJ 10° F E
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Time tJ



Slope-dip-ramp-plateau structure of g(B, t)

Early time: ~ t 3 Z(B,t) = Tr(e_Bﬁ_im)
(depends on the overall density of states) 128, D))
AN

0 R L L L L L L ,t —
10 SYK, N, = 34, 90 samples, =5, g(t) 9. 1) (Z(B)) ]2
_ - 2
107 | G(B.1) = (1Z(B, 0)1?); = [{Z(B, 1)),]
| ; o ZB),’
Connection to plateau: it(A;—=1,)
% 3 Symmetry dependent ~ ﬂ dA1dA;(8p(A1)6p(12))e 1772
107 F :

Slope: g4 dominant

Plateau height:

sin?LA 1
3. 6) (28,0, degeneracy RO = (5p()8p(h = D) =~ s5 + 17 5(1)}
Ja = (Z(ﬁ))]2 ~ t! ramp: g_ dominant y
E il Ll Ll Ll Ll Ll Ll I ERRTT | 7TL —1 in RIVIT
10" 10° 10" 102 10® 10* 10° 10®° 10’ (L)

Time tJ

Long, linear ramp ~ t?! t/(2mL?)

=» Strong spectral rigidity in the SYK model 0 2L




g(t): N dependence (nonperturbative in 1/N)

Ng
10° F T T N=16 —— GoE 1
P = N3/ z JabcaXaXpXcXa : N= 18 GUE 2
10 1sa<b<c<dsN E N=20 Gs 5
- N= E
102 [ \ \ plateau g(t) = Ng Z(2B)/Z(B)? 1 Noo2 CUE 2
_10°] M - — N=24 GoE 1
S jo¢ [ " . N=26 — GUE 2
5 B=1 & . . N=28 ——— GSE 2
10 w7 T
0 E _ N=30 —— GUE 2
10° | Expogentlz:\jl.ly Exponentiallylong 1 N=32 ———— GOE 1
eep di :
107 | P alp ramp g(t)~t* N=3%4 —— GUE 2

1071 10° 10’ 107 108 10 10° 10° 107
Time #J
SPT (Symmetrically Protected Topological) phase classification for class BDI: Z = Z; due to interaction
[L. Fidkowski and A. Kitaev: PRB 81, 134509 (2010); PRB 83, 075103 (2011)]

Level statistics of the many-body system € Corresponding (dense) random matrix
[Y.-Z. You, A. W. W. Ludwig, and Cenke Xu, PRB 95, 115150 (2017)] N,(mod8&)| 0 1l 2 3 4 5 6

qdim 1 V2 2 2,2 2 2.2 2 V2
lev.stat. | GOE GOE GUE GSE GSE GSE GUE GOE



[L. Fidkowski and A. Kitaev: PRB 83, 075103 (2011)]

d [W. Fu and S. Sachdev: PRB 94, 035135 (2016)]
ege ﬂ e ra Cy [Y. Z. You, A. W. W. Ludwig, and C. Xu: PRB 95, 115150 (2017)]
Np :
n A X2j-1 T X2/ .
P = Kl_[(c;r + Cj); ¢ = ( 2J—1 21) ,Np = N/2 K: Complex conjugate
i=1 V2 ¢j: Complex (Dirac) fermion

2
(ef+¢) ={ehegt=1  (F+e)ef+e)=—(el+ea)(E +¢) G=h
+1 (Npmod4=0,1)
—1 (Np mod 4 = 2,3)

+1 (Npmod4=1,2)
—1 (Npmod4=0,3)

PZ — (_1)ND(ND—1)/2 — {

PéJ'TP =n¢j, PGP = 77CAjJr’77 = (_1)(ND_1)P2 = {

. — — N4 g —

» PP =ny,PHP =n*H = H [H,P] =0
xxXxx preserves the parity of complex fermions

0 (mod 8) : P maps e&e, oo and P? =1 (not degenerate)

2 (mod 8) : P maps e>o and (even|y|odd) finite

4 (mod 8) : P maps e>e, 0<>o and P? = —1 ] Twofold degenerate eigenstates
6 (mod 8) : P maps e>o but (even|y|odd) = 0

====
e 11l



Corr‘elaUOn fu nct|ons N = 0 (mod 8) : P maps e<>e, 00 and P? = 1 (no degeneracy)

N = 2 (mod 8) : P maps e<>o0, (even|y|odd) finite
N = 4 (mod 8) : P maps e<>e, 00 and P? = —1 (degeneracy)

G(t) = (Xa(t))(a(o» N = 6 (mod 8) : P maps e o but (even|y|odd) = 0
N = 2 (mod 8): dip-ramp-plateau 78,0) | )
. ’ _ —B(Em+Ep) al(Em—En,
similar to g (§, 9.0~ ‘Z(ﬁ, t=0)| zprt= o)zz e Bt inlel g
mn
-...q — ..."ﬁq=‘1ég.,.1.g.42.lsal.“blé‘s..’.q =.g. T .:l 1 BE 2 i(E E )t
=16, samples,p=9 — = (y Y = “PEm v m~—En
| 600 = (020 = =g ), & FErlimIgalmle
107k mn
- 0.05 N = 14, GUE N=20, GSE
EB’ .
ﬂ"_" 10—2 L
| N = 16, GOE m\ N =22, GUE ;
o : gous 13 d ]
& E-OMW
T BT BRI IR BT BT S a e
10" 10 10! 102 1® 10t 10° SESSSSSEESUSTSSIETUREES [y 5.Vt SEESSEEE
Time &J o.ne" r .Tl'mil. r 6.004 .mu. —r—r—r=
N/2 ( : | N =18, GUE N =24, GOE
N, X2j-1 Tt 1X2j) goosh ’ 1 g ’ J
P = Kl_[(c-Jr + c-) ¢; = A RN I
J 172 oot} e k
J=1 \/E \ ... | Y | e




(Non-)self-averaging

0 1 ' L | = o . L | . L | . L | : L=
107 ¢ . SYK, N, = §4, 1 samples, B=5, g(t) :
ot L SYK, Ny, = 34 90 samples, B=5, g(t) ——
i \ '
107 F 7
% 107 -
1074 - AT
! \"""\ [
100 F 1 i i .
o | | Wmm | | Consistent with RMT
10" 10 10" 10 10 10*  10°  10°
Tighe t/07
1 sample = many samples O(1) variance for 1 sample

Self-averaging Not self-averaging




(Non-)self-averaging

0
1 —— T * @ T T T T T T Q
0 : . SYK, N, = 4, 1 samples, =5, g(t)
10" _ SYK N, = 34, 90 samples, B=5, g(t) —— h
I \
102 k -
% 10'3 -
104 F AR
i \ |
-5 L } s';| I F
10 = 1| WA
[ i LA
Wl
N P B | ‘ Ll R L
107 10° 10 10 102 10* 10  10°
Tikhe t/J
“Gravity” “Random matrix theory”

1/N expansion 1/L~e N expansion | = N/2




a . Majorana ,d a Dirac d

CCETDFRED

Jabca ]ab;cd

b C b c
e g=4 Sachdev-Ye-Kitaev (SYK) #&H!: £ TDHAEHLETDI VA LT g A EER
» XEX1EZR [I. Danshita, M. Hanada, and MT PTEP 2017] 74& [J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski,
P. Saad, J. Saul, S. H. Shenker, D. Stanford, and MT]

« BRRDO NI T HBUERGHER [1611.04650; JHEP 2017]
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“Onset of Random Matrix Behavior in
Scrambling System”

Hrant Gharibyan, Masanori Hanada, Stephen H. Shenker, and MT, arXiv:1803.08050
JHEP 1807, 124 (2018)



Where does the ramp start?
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Energy spectrum of the SYK model
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‘Slope’ depends on the edge of the density of states



Energy spectrum of the SYK model
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Spectral form factor
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Scrambling

t=0

After some time, non-local measurements are needed for information
on the local perturbation at t = 0 (“information scrambling”)



Scrambling

t=0

After t=ts, information has been scrambled with the entire system

‘scrambling time’



t=0

Diffusion

Conserved quantity (e.g. charge) diffuses, eventually
(after diffusion time tq, also called the Thouless time)
will be uniformly distributed



Scramb“ng or diffusion? G. Gharibyan, M. Hanada, S. H. Shenker, and MT,
JHEP 1807, 124 (2018) (arXiv:1803.08050)

In this talk, we show the following examples:

* Known case: band matrix (single
particle hopping)

* Numerical results on spin systems

see also: Random circuit-based discussion
RMT universality observed after ‘ramp time’ tramp In our paper

Physical interpretation?

Relationship to BH information paradox?
scrambling? diffusion?

Our results: ramp time seems to be determined
by diffusion, not by scrambling




Random band matrix

(Single particle hopping: diffusion is defined)

see L. Erdos and A. Knowles, “The Altshuler-Shklovskii
Formulas for Random Band Matrices I: the Unimodular
Case,” Comm. Math. Phys. 333, 1365 (2015) for
derivation of the scaling
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Hrant Gharibyan, Masanori Hanada, Stephen H. Shenker, and MT, JHEP 1807, 124 (2018) (arXiv:1803.08050)
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cf. D.A. Roberts, D. Stanford and A. Streicher, “Operator growth in the SYK model”, JHEP 06 (2018) 122
[arXiv:1802.02633]; A. Altland and D. Bagrets, Quantum ergodicity in the SYK model, Nucl. Phys. B 930
(2018) 45 [arXiv:1712.05073]
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Plan of talk

_ V3!
Hsyx = 372 2 JabcaXaXpXcXa
1<a<b<c<dsN

non-gravitational cold atom realization

quantum system

black " )
hole

Danshita, Hanada and MT,

maximally chaotic maximally chaotic PTEP 2017 [1606.02454]

(ChaOS Ilmlt) _ (ChaOS ||m|t)
/1L apunov
numerical analysis;

random matrix behavior of modifications to study relation to other
finite-time Lyapunov spectrum chaos / integrable scrambling systems
[Classical] Hanada, Shimada and MT, transition, many-body

PRE 2018 [1702.02197] izati
localization Cotler et al., JHEP 2017 [1611.04650]

[Quantum] Gharibyan, Hanada, g, (5 Garcia et al., PRL 2018 [1707.02197]Gharibyan et al., JHEP 2018 [1803.08050]
Swingle and MT, 1809.01671  Garcia-Garcia and MT, 1801.03204



Preparation: Stability of chaos in the SYK model

Antonio M. Garcia-Garcia, Bruno Loureiro, Aurelio Romero-Bermudez, and Masaki Tezuka, Phys. Rev.
Lett. 120, 241603 (2018) (arXiv:1707.02197)

Various modifications of SYK have been studied

e.g. Q=i 1“2; ) Cin' Tof*
e Supersymmetric SYK [Fu, Gaiotto, Maldacena, and Sachdev 2016]

* Non-random couplings [Witten, 1610.09758]

* Higher-dimensional generalizations [Gu, Qi, and Stanford 2017]

. [S. Banerjee and E. Altman,
[Davison, Fu, Georges, Gu, Jensen, and Sachdev 2017] Phys. Rev. B 95, 134302 (2017)]

Addition of new Fermi species can induce a transition to a Fermi liquid
[Banerjee and Altman 2017] or metal-insulator transition [S.-K. Jian and H. Yao 1703.02051],
additional interaction can induce a metal-insulator transition [C.-M. Jian, Bi, and Xu 1703.07793], ...



Motivation and our model

Q.: Minimum requirements for chaotic behavior? (> gravity interpretation?)
Here we study a simple model with analytical + numerical methods

N SYK4 N SYKZ
A= ) JavcakafoReRa+1 ) KapRafs
1<a<b<c<d 1<a<b
6/ ] = 1: unit of energy

Jabca: average 0, standard deviation 1:,/3—/2

ilan random lin
Gaussian rando couplings K,p,: average 0O, standard deviation%

SYK, as unperturbed Hamiltonian,
K controls the strength of SYK, (one-body random term, solvable)

Both terms respect charge parity in complex fermion description
=» Numerical exact diagonalization (ED) of 2¥/21-dimensional matrix, N < 34 possible



Entropy per fermion

In SYK,, entropy S per fermion = 0.2324 in large-N limit
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0.15 SY K4 ] N=32
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===== Saddle point
i

[Cotler, ..., and MT, JHEP05(2017)118]

Large K (weak SYK,):
S/ N almost
independent of N,

and vanishingas T—> 0

N
]abcd)?a)?b)’(\c)’(\d + 1 Z Kab)?a)?b

1<a<b<c<d 1<a<b
V6
Jabca: average 0, std. dev. 377

K
K, : average 0, std. dev. N



C(T) / kg

Specific heat and large-N analysis

Low T: specific heat C(T) =2 linearin T
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Large N: replica fields + Hubbard-Stratonovich transf.
[cf. Maldacena and Stanford 2016, Sachdev 2015]
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Out-of-time order correlator (OTOC)

Chaos bound [Maldacena,
Shenker, and Stanford 2016]

1 N
F(n. 1) =Nz E,T’”[P(ﬁ)lm (t)pB)'* 1 R -
Y " - P SYK, limit = yos
xx (0)p(B) Axilt2)p(B)x 1(0) | 0 Large-q limit l, T kYo P _

1 2
~ Gr(t1)Gr(t2) + O(N™)

(o1 \1/4 0.6 |t |
pB) = (57 \\ I
e/lL(t1+t2)/2f(t1 _ tz) =
F(ty, 1) = /df3df4KR(f1~fz~f3~f4)3r(f3~f4)~ 0.4 |
Kr(t1.12.13,14) = Gg(t1) Gr(12) [3J2Gl, (13— 14) + 7). 0.2 -
Gir(w) = 250 Tm(Gr(w))
Lyapunov exponent is obtained by solving 1071 10° 10! 10?
2 =
flw')= Gﬁ[m'—ki%) Kzf(m')+3fi—(;ggr{cu'—w]f(m) . . '8 1/(kBT)
W = wy —ily)2 Deviation from the chaos bound

as SYK, component is introduced



P(s)

Small k: RMT-like behavior of energy spectrum

T _ T
Poisson

S5 —— | P(s) : level spacing distribution

k=100 ——

0.8 |- Ezgg | Ratio of consecutive level spacing E; 1 — E;
k=10 —— to the local mean level spacing A
K=1F— . .
Wigner-Dyson (requires unfolding of the spectrum

0.6 10° g T T 3

N\

107 k-

using a fitting of the spectral density)
SYK, limit (small K): RMT
SYK, (large K): Poisson (e™°)

(GUE if N = 2 (mod 4))
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0 ra

Central 10 % of eigenvalues



(r)

0.6

0.55

0.5

0.45

0.4

Small k: RMT-like behavior of energy spectrum

Central 10 % of eigenvalues

—  Wigner-Dyson
N =34 ——
N =30 ———
N = 26
N =22 ——

Poisson

(r) : average adjacent gap ratio

- min(Ej;1—E;{,Eiy+>—Ej+1)
Average Of 1+1 142 1+1

max(Ej+1—EjEi+2—Ei+1)
(does not require unfolding)

1 SYK, (k =0): random matrix
SYK, (large k): Poisson (21og2 — 1 ~ 0.386)
(=~ 0.599 for GUE [Y. Y. Atas et al. PRL 2013])

1 10 100

Also: spectral form factor |Z(B + it)|?/Z(B)?
shows robust ramp reflecting level rigidity



Time-dependent Lyapunov spectra in
guantum chaotic systems

arXiv:1809.01671 “Quantum Lyapunov Spectrum”

Hrant Gharibyan (Stanford),
Masanori Hanada (Boulder = Southampton),
Brian Swingle (Maryland),
and Masaki Tezuka (Kyoto)




Statistics of classical Lyapunov spectrum

M. Hanada, H. Shimada, and M. Tezuka,

: . Phys. Rev. E 97, 022224 (2018)
Classical system with K degrees of freedom

Deviation at t : linear in the initial deviation

Timet=0 =>t
= 6¢;(t) = M;;5¢;(0)
/11: Singular values of M;;: {s(O}¥_4
c Time-dependent Lyapunov spectrum
Infinitesimal deviation a o log s, (t
in initial condition - 4 {Ak(t) = g+()}
§¢;(0) ’v k=12,..K

* Often the t — oo limit is studied,

while we focus on the finite-time behavior

{4 (©)}¥_, depends on the details of the system
=>» Probability distribution of the unfolded gap approaches that of Gaussian random matrices

(Examples: logistic map, Lorenz attractor, BFSS matrix model & mass-deformed version = GOE)

Similar behavior observed for singular values of Real matrix > GOE
random band matrix products Complex matrix - GUE



Out-of-Time-Ordered Correlation

Our definition for guantum systems (cf. OTOC)

5xi(t) = Mlj5x](0)
[Norbert Wiener 1938][Larkin & Ovchinnikov 1969]

6x;(t)
Canonically conjugate variables x, p at different times ij = 5x;(0) Singular values: {sy (t)} = {elkt}
2 2
dx(t) <6x-(t)>
2 211t — :
x(t),p(0 = — e*/L L=
(x(0, PO ( ax(o)> 55%,0)
Corresponding quantity in quantum systems: for bosonic V, W : Cr(t) = — <[I7(t), W(O)]2>
Out-of-time correlator is included (V&)W (0)V ()W (0)) etc.
. V3! o
For systems of fer-mlons H= EE JabcaXaXpXcXa
e.g. Sachdev-Ye-Kitaev (SYK) model? 1sa<b<c<ds<N

Xa: Majorana fermion, Mab(t =0)={fo X} =Ow

Anticommutator
Our definition: for state ¢ (e.g. eigenstate)

Moy () = {£a(t), £5(0)3
- j‘> For matrix (¢ |Lay, (t)|¢), obtain singular values {s; (t)}3-1

Lap(t) = ZIW (M, (1)
© j=1 e and the Lyapunov spectrum is defined as {Ak (t) = —logzsf(t)},

Other possibilities: see Rozenbaum-Ganeshan-Galitski, 1801.10591; Hallam-Morley-Green: 1806.05204
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Classical KS entropy vs entanglement entropy production

Initial state: |Yy(t = 0)) = |000 ...000) in the complex fermion basis
' A (XZj—1 + iXZj)

N/2 G
Coarse-grained entropy / v
= log(# of cells covering the region) pA(t) = Trg p(t), Ser(t) = —Tr log(pa(t))
EE -

~ (sum of positive 4 ) ¢ p(0) = [Y®))yY()|

Kolmogorov-Sinai entropy hks
= (sum of 1) = entropy production rate

At

g




Classical KS entropy vs entanglement entropy production

Coarse-grained entropy
= log(# of cells covering the region)
~ (sum of positive 1) t

Kolmogorov-Sinai entropy hks
= (sum of 1 ) = entropy production rate

At

g

2.1 + tth, NSEE / |A|

Similar time scale for saturation in SYK model; other models?



Spectral statistics: SYK
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Spectral statistics: SYK

(r) : average of the adjacent gap ratio min(€is —€i, €iv2—€it1)

n

max(€;j41—€;, €j42—€jy1)

Uncorrelated (Poisson): 2log2 — 1 =~ 0.386
Correlated: larger (GOE: 0.5307, GUE: 0.5996 etc. ) [Atas et al., PRL 2013]
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Summary of this part

* SYK model: an all-to-all random two-body (SYK,) term destroys chaos of
SYK, in the low temperature / long-time limits

* Proposed a definition of the quantum Lyapunov spectrum

* SYK model: linear growth of A; t;
KS entropy ~ entanglement entropy production rate

e Statistics of Lyapunov spectra: random-matrix like in SYK, limit, becomes
Poisson-like as SYK, term is introduced (also studied XXZ: MBL)

=» Do we have to use out-of-time ordered operator products?



Summary
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/1L apunov
numerical analysis;

modifications to study relation to other
chaos / integrable scrambling systems

non-gravitational cold atom realization

quantum system

Danshita, Hanada and MT,
PTEP 2017 [1606.02454]

random matrix behavior of
finite-time Lyapunov spectrum
[Classical] Hanada, Shimada and MT,

PRE 2018 [1702.02197] localization
[Quantum] Gharibyan, Hanada, Swingle ) , .
Garcia-Garcia et al., PRL 2018 [1707.02197] Gharibyan et al., JHEP 2018 [1803.08050]

transition, many-body

Cotler et al., JHEP 2017 [1611.04650]

and MT, 1809.01671 ) )
Garcia-Garcia and MT, 1801.03204



